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Abstract—The phenomenon of generalized synchronization onset between mutually coupled beam–plasma
systems (Pierce diodes) with supercritical currents has been discovered. It is established that the appearance
of a synchronous regime is related to the change in one Lyapunov exponent from a positive to negative value.
The results of the analysis are confirmed by the nearestneighbor method.
DOI: 10.1134/S1063785011070108

The synchronization of chaotic oscillations in
beam–plasma systems (BPSs) is among the most
important direction of research in radio physics and
microwave electronics [1, 2]. The phenomenon of
chaotic synchronization is now widely used, in partic
ular for hidden data transmission and chaos control in
microwave systems [2–4]. Several types of synchro
nous behavior have been observed in coupled BP sys
tems, including phase, complete, generalized, and
timescale synchronization [5, 6]. The case of gener
alized synchronization (GS) is among the most inter
esting and important phenomena [6, 7]. This synchro
nization regime was originally introduced only for
unidirectionally coupled chaotic systems, but then the
GS concept was generalized so as to apply to mutually
coupled dynamical systems and networks with com
plicated topologies [8, 9]. However, the investigations
of GS in BPSs are still restricted to those with unidi
rectional coupling [6].
In this context, it was of interest to study the possi
ble appearance of GS in mutually coupled BPSs with
supercritical currents. This Letter presents the results
of the first study of this synchronization regime
between mutually coupled Pierce diodes, which are
classical model systems of microwave electronics.
By analogy with the case of unidirectional cou
pling, the GS of mutually coupled BPSs u1, 2(x, t) is
defined as a regime in which a unique functional rela
tionship F[·] is established between their states, so

ally used to determine the GS of these systems can be
considered as a particular case of Eq. (1).
The diagnostics of GS in systems with unidirec
tional coupling is traditionally based on the methods
of nearest neighbors [7, 10], conditional Lyapunov
exponents [11], and auxiliary system [12]. Evidently,
all of these methods can be generalized so that they are
applicable to the case of mutual coupling between sys
tems (see, e.g., a modification of the auxiliary system
method [8]). However, the results of investigations
performed for systems with small numbers of degrees
of freedom, the application of the auxiliary system
method in the case of mutually coupled systems can
lead to incorrect results [13], while the nearest neigh
bor method and the calculation of conditional
Lyapunov exponents allow for the appearance of a
synchronous regime in mutually coupled systems with
small numbers of degrees of freedom to be adequately
described. In the resent study, these methods are gen
eralized so that they apply to distributed BPSs.
Let us consider a system of mutually coupled
Pierce diodes, the dynamics of which in the hydrody
namic approximation is described by the following
selfconsistent set of the equation of motion, equation
of continuity, and Poisson’s equation [2, 14]:
∂v 1, 2 ∂ϕ 1, 2
∂v 1, 2
(2)
 – ,

 = – v 1, 2 
∂t
∂x 1, 2
∂x
∂ ( ρ 1, 2 v 1, 2 )
∂ρ 1, 2
 = 
,
∂t
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that

F [ u 1 ( x, t ), u 2 ( x, t ) ] = 0.

(3)

2

(1)

It should be noted that relation (1) is also valid for sys
tems with unidirectional coupling, since the func
tional equation u2(x, t) = F[u1(x, t)] that is convention

∂ ϕ 1, 2
2

 = – α 1, 2 ( ρ 1, 2 – 1 ),
2
∂x
with the corresponding boundary conditions
ν 1, 2 ( 0, t ) = 1, ρ 1, 2 ( 0, t ) = 1,
ϕ 1, 2 ( 0, t ) = 0,

1 The notion of state will be defined below.
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Fig. 1. Plots of (a) four highest Lyapunov exponents λ and (b) quantitative measure of proximity d versus coupling parameter ε.
The arrow indicates the critical value εc = 0.078 of the coupling parameter that corresponds to the appearance of GS in the system
of mutually coupled BPSs.

where ϕ is the dimensionless potential of the space
charge field; ρ is the dimensionless charge density; ν is
the dimensionless flux density; x is the dimensionless
coordinate; t is the dimensionless time; and subscripts
1 and 2 refer to the first and second mutually coupled
BPSs, respectively. The only control parameter that
characterizes the system dynamics is the Pierce
parameter α (representing the unperturbed angle of
electron flight at the plasma frequency), the values of
which for the interacting systems in the numerical cal
culations are set as follows: α1 = 2.858π and α2 =
2.860π.
The mutual coupling between systems 1 and 2 is
provided by the variable values of dimensionless
potential at the righthand boundaries of both sys
tems:
ϕ 1, 2 ( 1, t ) = ε ( ρ 1, 2 ( x = 1, t ) – ρ 2, 1 ( x = 1, t ) ). (6)
where ε is the coupling coefficient and ρ1, 2(x = 1, t) are
the oscillations of the dimensionless charge density as
detected at the output of each system.
The GS diagnostics in this study is based on calcu
lations of the spectrum of Lyapunov exponents. Figure
1a shows the dependences of four highest Lyapunov
exponents λ on the coupling coefficient ε. The spec
trum of λ was calculated using a recently proposed
method [15]. As can be seen (similar to the case of uni

directional coupling, e.g. [6]), these Lyapunov expo
nents remain almost unchanged when the coupling
parameter ε is varied, so that one of these exponents
(λ1) is always (except periodicity windows) positive
and one exponent (λ3) is always zero. At the same
time, two other Lyapunov exponents, i.e., initially
positive λ2 and initially zero λ4, depend on the cou
pling parameter and become negative when ε exceeds
certain critical values. It can be suggested that, by
analogy with the case of unidirectional coupled sys
tems, the passage of the initially positive Lyapunov
exponent λ2 to the region of negative values (in the
case under consideration, at ε = εc = 0.078) is related
to the appearance of a GS regime in the mutually cou
pled BPSs.
In order to confirm this assumption, let us use the
nearestneighbor method. By analogy with [10], the
proximity of interacting systems is quantitatively char
acterized by the meads distance d between two states of
the second system normalized to the mean distance δ
between randomly chosen states of the first system:
1
d = 
Nδ

N–1

∑

k

kn

u2 – u2 ,

(7)

k=0
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Fig. 2. Reconstructed attractors of mutually coupled Pierce diodes plotted on the plane [ρ1, 2(x = 0.2, t), ρ1, 2(x = 0.6, t)] for var
ious values of coupling coefficient ε: (a, b) 0.002 (asynchronous state); (c, d) 0.05 (phase synchronization); (e, f) 0.10 (GS
regime); (a, c, e) reconstructed attractors of first Pierce diode with randomly chosen points; (b, d, f) phase space of second system
with the corresponding nearestneighbor states.

where N is the number of iterations. The vectors of
state of the interacting systems are defined as u1, 2(x, t)
= (ρ1, 2v1, 2, ϕ1, 2)T.
Figure 1b shows a plot of the quantitative measure
of proximity d versus coupling parameter ε. As can be
seen, an increase in the coupling parameter is accom
panied by the monotonic decrease in d from 1 to 0 and
the εc value corresponds approximately to the middle
of a descending part of the curve within ε ∈ [0.04;
0.12], which is evidence for the GS regime onset in the
system. It should be noted that, in the given case, the
GS regime differs from the complete synchronization
(which takes place at ε ≈ 0.17).
The existence a GS regime in the mutually coupled
BPSs with supercritical current is additionally con
firmed by the nearestneighbor behavior in the phase
space of interacting systems. As is known, a Pierce
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diode with the given values of control parameters can
be described by a finitedimension model of three dif
ferential equations obtained using the Galerkin
method [16]. This circumstance makes it possible to
reconstruct the phase space of interacting Pierce
diodes (2)–(4) [17] and analyze the nearestneighbor
behavior using a procedure analogous to that for the
systems with small numbers of the degrees of freedom
[13].
Figure 2 shows the results of this analysis, which are
represented by the reconstructed attractors of inter
acting Pierce diodes plotted on the plane [ρ1, 2(x = 0.2,
t), ρ1, 2(x = 0.6, t)] for various values of the coupling
coefficient ε. Attractors of the first system (Figs. 2a,
2c, 2e) show three pairs of randomly chosen points
and their nearest neighbors, and Figs. 2b, 2d, 2f illus
trate the corresponding states in the phase of the sec
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ond system. As can be seen for a small value of the cou
pling parameter (ε = 0.002), all points in the phase
space of the second system are randomly distributed
over the entire attractor (Fig. 2b). As ε increases, the
points tend to group in a limited region of the attractor
(onset of phase synchronization) and the radius of this
region decreases with increasing coupling (cf. Figs. 2d
and 2f). Finally, at ε > εLE, all states of the second BPS
that correspond to the indicated nearest neighbors of
the first diode are also close and vice versa (Figs. 2e
and 2f), which is evidence of the appearance of GC.
Thus, we have considered the appearance of GS
between mutually coupled BPSs with supercritical
currents as represented by the Pierce diodes in a
hydrodynamic approximation). It is established that
the onset of a GS regime is related to the passage of the
(initially positive) second Lyapunov exponent to the
region of negative values.
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