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We onsider the haoti os illator syn hronization and propose new approa h for dete ting the syn hronized
behavior of haoti os illators. This approa h is based on the analysis of dierent time s ales in the time series
generated by oupled haoti os illators. We show that omplete syn hronization, phase syn hronization, lag
syn hronization, and generalized syn hronization are parti ular ases of the syn hronized behavior alled the
time-s ale syn hronization. The quantitative measure of the haoti os illator syn hronous behavior is proposed.
This approa h is applied for the oupled Rössler systems.
PACS: 05.45.Xt, 05.45.Tp

1. INTRODUCTION

Syn hronization of haoti os illators is one of the
fundamental phenomena in nonlinear dynami s. It o urs in many physi al [16℄ and biologi al [79℄ proesses. It seems to play an important role in the ability
of biologi al os illators, su h as neurons, to a t ooperatively [1012℄.
Several dierent types of syn hronization of oupled haoti os illators have been des ribed theoretially and observed experimentally [1316℄. The omplete syn hronization implies the oin iden e of states
of oupled os illators, x1 (t)  x2 (t), with the dieren e between state ve tors of oupled systems onverging to zero in the limit as t ! 1 [1720℄. It o urs
when intera ting systems are identi al. If the parameters of oupled haoti os illators slightly mismath h,
the state ve tors are lose, jx1 (t) x2 (t)j  0, but differ from ea h other. Another type of syn hronized behavior of oupled haoti os illators with slightly mismat hed parameters is the lag syn hronization: this
is the ase where the state ve tors oin ide with ea h
other after a time shift, x1 (t +  ) = x2 (t). As the oupling between the os illators in reases, the time lag 
de reases and the syn hronization regime tends to the
omplete syn hronization [2123℄. The generalized synhronization [2426℄, introdu ed for drive-response systems, means that there is some fun tional relation between oupled haoti os illators, i.e., x2 (t) = F[x1 (t)℄.
*
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We nally mention the phase syn hronization
regime. To des ribe the phase syn hronization, the
instantaneous phase (t) of a haoti ontinuous time
series is usually introdu ed [1316; 27; 28℄. The phase
syn hronization means the entrainment of phases
of haoti signals, with their amplitudes remaining
haoti and un orrelated.
All syn hronization types mentioned above are related with ea h other (see [1; 22; 24℄ for details), but
the relation between them is not ompletely laried
yet. For ea h type of syn hronization, there are spei ways to dete t the syn hronized behavior of oupled haoti os illators. The omplete syn hronization
an be dete ted by omparison of system state ve tors
x1 (t) and x2 (t), whereas the lag syn hronization an be
determined by means of a similarity fun tion [21℄. The
ase of the generalized syn hronization is more intriate be ause the fun tional relation F[: : : ℄ an be very
ompli ated, but there are several methods to dete t
the syn hronized behavior of oupled haoti os illators, su h as the auxiliary system approa h [29℄ or the
method of nearest neighbors [24, 30℄.
Finally, the phase syn hronization of two oupled
haoti os illators o urs if the dieren e between the
instantaneous phases (t) of haoti signals x1;2 (t) is
bounded by some onstant:

j1 (t)

()

2 t j <

onst:

(1)

It is possible to dene the mean frequen y of the haoti
signal,
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(2)

whi h is the same for both oupled haoti systems,
i.e., phase lo king leads to frequen y entrainment. We
note that for the results to be orre t, the mean frequen y  a of haoti signal x(t) must oin ide with
the main frequen y 0 = 2f0 of the Fourier spe trum (see [31℄ for details℄). There is no general way
to introdu e the phase for haoti time series. There
are several approa hes that allow dening the phase for
good systems with a simple topology of a haoti attra tor (the so- alled phase oherent attra tor), whose
Fourier spe trum ontains a single main frequen y f0 .
First of all, a plane in the system phase spa e may
exist su h that the proje tion of the haoti attra tor
on it looks like a ir ular band. For su h a plane, the
oordinates x and y an be introdu ed with the origin
pla ed somewhere near the enter of the haoti attra tor proje tion. The phase an then be introdu ed as
an angle in this oordinate system [32, 21℄, but this
requires all traje tories of the haoti attra tor proje tion on the (x; y ) plane to revolve around the origin.
A oordinate transformation an be sometimes used
to obtain a proper proje tion [32, 13℄. If the proje tions of haoti traje tories on the plane (x;
_ y_ ) always
rotate around the origin, the velo ities x_ and y_ an
also be used; in some ases, this approa h is more suitable [33; 34℄. Another way to dene the phase (t) of
a haoti time series x(t) is to onstru t the analyti al
signal [14, 27℄ using the Hilbert transform. Moreover,
the Poin aré se ant surfa e an be used to introdu e
the instantaneous phase of a haoti dynami al system [14, 27℄. Finally, the phase of a haoti time series
an be introdu ed by means of the ontinuous wavelet
transform [35℄, but the appropriate wavelet fun tion
and its parameters should be hosen [36℄.
All these approa hes give orre t results for good
systems with well-dened phase, but fail for os illators
with nonrevolving traje tories. Su h haoti os illators are often alled systems with ill-dened phase
or systems with the funnel attra tor. Introdu ing
the phase via the approa hes mentioned above usually
leads to in orre t results for system with ill-dened
phase [31℄. Therefore, the phase syn hronization of
su h systems an be usually dete ted by means of indire t indi ations [32, 37℄ and measurements [33℄.
In this paper, we propose a new approa h for dete ting the syn hronization between two oupled haoti
os illators. The main idea of this approa h onsists in
the analysis of the system behavior at dierent time
s ales, whi h allows us to onsider dierent ases of
syn hronization from a universal standpoint [38℄. Us-

ing the ontinuous wavelet transform [3942℄, we introdu e the ontinuous set of time s ales s and the instantaneous phases s (t) asso iated with them. In other
words, s (t) is a ontinuous fun tion of time t and time
s ale s. As we show in what follows, if two haoti os illators demonstrate any type of syn hronized behavior
mentioned above, the time series x1;2 (t) generated by
these systems involve time s ales s that are ne essarily
orrelated and satisfy the phase lo king ondition

j 1 (t)
s

()

s2 t j <

onst:

(3)

In other words, omplete, lag, phase, and generalized
syn hronizations are the parti ular ases of the synhronous oupled haoti os illator behavior alled the
time-s ale syn hronization.
The stru ture of this paper is as follows. In Se . 2,
we dis uss the ontinuous wavelet transform and the
method of the time s ales s and dene the phases s (t)
asso iated with them. In Se . 3, we onsider the phase
syn hronization of two oupled Rössler systems. We
demonstrate the appli ation of our method and disuss its relation to traditional approa hes. Se tion 4
deals with syn hronization of two oupled Rössler systems with funnel attra tors. In this ase, the traditional methods for introdu ing the phase fail and it is
impossible to dete t the phase syn hronization regime.
Syn hronization between systems an be revealed here
only by means of indire t measurements (see [33℄ for details). We demonstrate the e ien y of our method for
su h ases and dis uss the orrelation between phase,
lag, and omplete syn hronizations. In Se . 5, we apply our method to the unidire tional oupled Rössler
systems with phase- oherent attra tors in whi h the
generalized syn hronization is observed. The quantitative measure of syn hronization is des ribed in Se . 6.
The on lusions are presented in Se . 7.
2. CONTINUOUS WAVELET TRANSFORM

The ontinuous wavelet transform is a powerful tool
for analyzing the behavior of nonlinear dynami al systems. In parti ular, the ontinuous wavelet analysis
has been used for the dete tion of syn hronization of
haoti os illations in the brain [35, 43, 44℄ and haoti
laser array [45℄. It has also been used to dete t the basi
frequen y of os illations in nephron autoregulation [46℄.
We propose to analyze the dynami s of oupled haoti
os illators by onsidering system behavior at dierent
time s ales s, ea h of whi h is hara terized by its own
phase s (t). In dening the ontinuous set of instantaneous phases s (t), the ontinuous wavelet transform
is a onvenient mathemati al tool.
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We onsider the ontinuous wavelet transform of a
haoti time series x(t),

(

W s; t0

)=

Z1
1



()

xt

s;t0

(t) dt;

(4)

s;t

s

t0



RÖSSLER SYSTEMS

We rst onsider two oupled Rössler systems with
slightly mismat hed parameters [27, 28℄,

The time s ale s orresponds to the width of the wavelet
fun tion s;t0 (t), t0 is the shift of the wavelet along the
time axis, and the symbol  in (4) denotes omplex
onjugation. We note that the time s ale s is typi ally
used instead of the Fourier-transform frequen y f and
an be onsidered as the quantity inversed to it.
The Morlet wavelet [47℄

1 exp(j
0 ( ) = p
4 

0

) exp



2



2

(6)

has been used as a mother-wavelet fun tion. The hoi e
of the parameter value 0 = 2 provides the relation
s = 1=f between the time s ale s of the wavelet transform and the frequen y f of the Fourier transform.
The wavelet surfa e

(

W s; t0

) = jW (s; t0 )j exp[j (t0)℄
s

(7)

des ribes the system dynami s on every time s ale s at
the time instant t0 . The value of jW (s; t0 )j indi ates
the presen e and intensity of the time s ale s mode in
the time series x(t) at the time instant t0 . The quantities

(

E s; t0

and

) = jW (s; t0)j2
Z

hE (s)i = jW (s; t0 )j2 dt0

_ =

x1;2

(8)

(9)

are the instantaneous and integral energy distributions
on time s ales, respe tively.
The phase s (t) = arg W (s; t) is naturally introdu ed for every time s ale s. This means that the behavior of ea h time s ale s an be des ribed by means
of its own phase s (t). If two intera ting haoti os illators are syn hronized, the orresponding time series
x1 (t) and x2 (t) involve s ales s orrelated with ea h
other. This orrelation an be dete ted by examining
ondition (3), whi h must be satised for syn hronized
time s ales.

!1;2 y1;2

z1;2

_ = !1 2x1 2 + ay1 2;

y1;2

(5)

:
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3. PHASE SYNCHRONIZATION OF TWO

where s;t0 (t) is the wavelet fun tion related to the
mother-wavelet fun tion 0 (t) as

1 t
p
(
t
)
=
0
s

òîì

;

;

;

+ "(x2 1
;

)

x1;2 ;

(10)

_ = p + z1 2(x1 2 );
where a = 0:165, p = 0:2, and = 10. The parameters
!1 2 = !0   determine the parameter detuning and "
is the oupling parameter (!0 = 0:97,  = 0:02). It was
z1;2

;

;

;

shown [21℄ that the phase syn hronization is observed
for these ontrol parameter values and the oupling parameter " = 0:05.
In this ase, the phase of the haoti signal an be
easily introdu ed in one of the ways mentioned above,
be ause the phase oherent attra tor with rather simple
topologi al properties is realized in the system phase
spa e. The attra tor proje tion on the (x; y ) plane
resembles the smeared limit y le where the phase
point always rotates around the origin (Fig. 1a). The
Fourier spe trum S (f ) ontains the basi frequen y
peak f0  0:163 (see Fig. 1b), whi h oin ides with
the mean frequen y f =  =2 determined from the instantaneous phase (t) dynami s (2). Therefore, the
phase syn hronization regime an be dete ted in two
oupled Rössler systems (10) by means of traditional
approa hes without ompli ations.
When the oupling parameter " is equal to 0:05, the
phase syn hronization between haoti os illators is observed. Phase lo king ondition (1) is satised and the
mean frequen ies  1;2 are entrained. Hen e, the time
s ales s0  6 of both haoti systems orresponding
to the mean frequen ies  1;2 should be orrelated with
ea h other. Correspondingly, the phases s1;2 (t) assoiated with these time s ales s should be lo ked and
ondition (3) should be satised. The time s ales that
are nearest to the time s ale s0 should also be orrelated, but the interval of the orrelated time s ales
depends on the oupling strength. At the same time,
there should be time s ales that remain un orrelated.
These un orrelated time s ales ause a dieren e between haoti os illations of oupled systems.
Figure 2 illustrates the behavior of dierent time
s ales for two oupled Rössler systems (10) with phase
oherent attra tors. It is lear that the phase dieren e s1 (t) s2 (t) for s ales s0 = 6 is bounded, and
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(a) A phase oherent attra tor and (b) the Fourier spe trum for the rst Rössler system (10). The oupling parameter
" between the os illators is equal to zero
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Fig. 2. (a) Wavelet power spe tra hE (s)i for the rst (solid line) and the se ond (dashed line) Rössler systems (10). (b) The
dependen e of the phase dieren e s1 (t) s2 (t) on time t for dierent time s ales s. The oupling parameter between
the os illators is " = 0:05. Phase syn hronization for two oupled haoti os illators is observed

therefore time s ales s0 = 6 orresponding to the main
frequen y f0 of the Fourier spe trum are syn hronized.
It is important to note that the wavelet power spe tra hE1;2 (s)i that are lose to ea h other (Fig. 2a) and
time s ales s hara terized by a large value of energy
(e.g., s = 5) lose to the main time s ale s0 = 6:0 are
also orrelated. There are also time s ales that are not
syn hronized, for example, s = 3:0, s = 4:0 (Fig. 2b).
Therefore, phase syn hronization of two oupled
haoti os illators with phase oherent attra tors manifests itself as a syn hronous behavior of the time s ales
s0 (and time s ales s lose to s0 ) orresponding to the
haoti signal mean frequen y  .

4. SYNCHRONIZATION OF TWO RÖSSLER
SYSTEMS WITH FUNNEL ATTRACTORS

We onsider a more ompli ated example where it
is impossible to orre tly introdu e the instantaneous
phase (t) of the haoti signal x(t). It is lear that
in su h ases, the traditional methods of dete ting the
phase syn hronization fail and it is ne essary to use the
other te hniques, e.g., indire t measurements [33℄. On
the ontrary, our approa h gives orre t results and
allows dete ting the syn hronization between haoti
os illators as easily as before.
As an illustration, we onsider two nonidenti al oupled Rössler systems with funnel attra tors (Fig. 3),
889
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(a) A phase pi ture and (b) the power spe trum of os illations for the rst Rössler system (11). The oupling
parameter " is equal to zero

Fig. 3.

_ = !1 2y1 2 z1 2 + "(x2 1
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z_1 2 = p + z1 2 (x1 2
);
x1;2
;

;

;

;

;

;

;

;

;

;

;

)
y1 2 );

x1;2 ;
;

(11)

;

where " is a oupling parameter and !1 = 0:98,
!2 = 1:03. The ontrol parameter values have been
sele ted by analogy with [33℄ as a = 0:22, p = 0:1,
and = 8:5. We note that under these ontrol parameter values, none of the methods mentioned above
allows dening the phase of the haoti signal orre tly
in entire range of the oupling parameter " variation.
Therefore, nobody an determine by means of dire t
measurements whether the syn hronization regime o urs for several values of ". On the other hand, our approa h allows easily dete ting syn hronization between
the oupled os illators under onsideration for all values of the oupling parameter.
In [33℄, it was shown by means of indire t measurements that for the oupling parameter value " = 0:05,
syn hronization of two oupled Rössler systems (11)
o urs. Our approa h based on the analysis of the dynami s of dierent time s ales s gives analogous results.
The behavior of the phase dieren e s1 (t) s2 (t) for
this ase is presented in Fig. 4b. One an see that phase
lo king o urs for the time s ales s = 5:25, whi h are
hara terized by the largest energy value in the wavelet
power spe tra hE (s)i (Fig. 4a).
We note that the phase dieren e s1 (t) s2 (t)
is also bounded at the time s ales lose to s = 5:25.
We an say that the time s ales s = 5:25 (and lose
to them) of two os illators are syn hronized with ea h
other. At the same time, other time s ales (e.g.,
s = 4:5; 6:0) remain un orrelated. For su h time s ales,

phase lo king was not observed (see Fig. 4b).
It is lear that the me hanism of syn hronization
of oupled haoti os illators is the same in both ases
onsidered in Se . 3 and 4. The syn hronization phenomenon is aused by the existen e of time s ales s in
system dynami s orrelated with ea h other. Therefore, there is no reason to divide the onsidered synhronization examples into dierent types.
It has been shown [21℄ that there is a ertain relation between phase, lag, and omplete syn hronizations
for haoti os illators with slightly mismat hed parameters. With the in rease of the oupling strength, the
systems undergo the transition from unsyn hronized
haoti os illations to phase syn hronization. With a
further in rease of the oupling, lag syn hronization is
observed. As of the oupling parameter in reases further, the time lag de reases and both systems tend to
have the omplete syn hronization regime.
We onsider the dynami s of dierent time s ales s
of two nonidenti al oupled Rössler systems (11) when
the oupling parameter value in reases. If there is no
phase syn hronization between the os illators, their dynami s remain un orrelated for all time s ales s. Figure 5 illustrates the dynami s of two oupled Rössler
systems when the oupling parameter " is small enough
(" = 0:025). The power spe tra hE (s)i of the wavelet
transform for Rössler systems dier from ea h other
(Fig. 5a), but the maximum values of the energy orrespond approximately to the same time s ale s in
both systems. It is lear that the phase dieren e
s1 (t)
s2 (t) is not bounded for almost all time
s ales (Fig. 5b). One an see that the phase dieren e
s1 (t) s2 (t) in reases for the time s ale s = 3:0, but
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(a) The normalized energy distribution in the wavelet spe trum hE (s)i for the rst (line 1 ) and the se ond (line 2 )
Rössler systems (11); (b) the phase dieren e s1 (t) s2 (t) for two oupled Rössler systems. The value of the oupling
parameter is sele ted as " = 0:05. The time s ales s = 5:25 are orrelated with ea h other and syn hronization is observed

Fig. 4.
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(a) The normalized energy distribution in the wavelet spe trum hE (s)i for the rst (line 1 ) and the se ond (line 2 )
Rössler systems; (b) the phase dieren e s1 (t) s2 (t) for two oupled Rössler systems. The value of oupling parameter
is sele ted as " = 0:025. There is no phase syn hronization between the systems

Fig. 5.

de reases for s = 4:5. This means that there should
be a time s ale 3:0 < s < 4:5 at whi h the phase
dieren e remains bounded. This time s ale s plays
the role of a point separating the time s ale areas with
the phase dieren e in reasing and de reasing, respe tively. In this ase, the measure of time s ales at whi h
the phase dieren e remains bounded is zero and we
annot speak about the syn hronous behavior of oupled haoti os illators (see also Se . 6).
As soon as any of the time s ales of the rst haoti
os illator be omes orrelated with another time s ale
of the se ond os illator (e.g., when the oupling parameter in reases), phase syn hronization o urs (see
Fig. 4). The time s ales s hara terized by the largest

value of energy in the wavelet spe trum hE (s)i are
more likely to be ome orrelated rst. The other time
s ales remain un orrelated as before. The phase synhronization between haoti os illators leads to phase
lo king (3) at the orrelated time s ales s.
As the parameter of oupling between the haoti
os illators in reases, more and more time s ales be ome
orrelated and one an say that the degree of syn hronization grows. Therefore, with the further in rease of
the oupling parameter value (e.g., " = 0:07) in oupled Rössler systems (11), the time s ales that were unorrelated before be ome syn hronized (Fig. 6b). It
is evident that the time s ales s = 4:5 are syn hronized in omparison with the previous ase (" = 0:05,
891
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(a) The normalized energy distribution in the wavelet spe trum hE (s)i for the rst (line 1 ) and the se ond (line 2 )
Rössler systems; (b) the phase dieren e s1 (t) s2 (t) for two oupled Rössler systems. The value of oupling parameter
is sele ted as " = 0:07

Fig. 6.
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Fig. 7. (a) The normalized energy distribution in the wavelet spe trum hE (s)i for the Rössler system; (b) the phase dieren e s1 (t) s2 (t) for two oupled Rössler systems. The value of the oupling parameter is sele ted as " = 0:25. Lag
syn hronization is observed, all time s ales are syn hronized

Fig. 4b) when these time s ales were un orrelated. The
number of time s ales s demonstrating phase lo king
in reases, but there are nonsyn hronized time s ales as
before (e.g., the time s ales s = 3 and s = 6 remain
nonsyn hronized).
The o urren e of lag syn hronization [21℄ between os illators means that all time s ales are orrelated. Indeed, the lag-syn hronization ondition
x1 (t  )  x2 (t) implies that W1 (s; t  )  W2 (t; s)
and therefore s1 (t  )  s2 (t). In this ase, phase
lo king ondition (3) is obviously satised for all time
s ales s. For instan e, when the oupling parameter of haoti os illators (11) be omes large enough
(s = 0:25), lag syn hronization of two oupled os-

illators o urs. In this ase, the power spe tra of
the wavelet transform oin ide with ea h other (see
Fig. 7a) and phase lo king takes pla e for all time
s ales s (Fig. 7b). We note that the phase dieren e
s1 (t) s2 (t) is not equal to zero in the ase of lag
syn hronization. It is lear that this dieren e depends
on the time lag  .
A further in rease of the oupling parameter
leads to a de rease of the time lag  [21℄. Both
systems tend to have the omplete syn hronization
regime x1 (t)  x2 (t), and hen e the phase dieren e
s1 (t) s2 (t) tends to be zero for all time s ales.
The dependen e of the syn hronized time s ale
range [sm ; sb ℄ on the oupling parameter is shown in
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sb = 30.5

s
sb

6

sm
4

2
0

_ = ! 1 y1 z 1 ;
y_ 1 = !1 x1 + ay1 ;
z_1 = p + z1 (x1
)
x_ 2 = !2 y2 z2 + "(x1 x2 );
y_ 2 = !2 x2 + ay2 ;
z_2 = p + z2 (x2
);
where x1 = (x1 ; y1 ; z1 ) and x2 = (x2 ; y2 ; z2 )
x1

are the
respe tive state ve tors of the rst (drive) and the se ond (response) Rössler systems. The ontrol parameter values are hosen as !1 = 0:8, !2 = 1:0, a = 0:15,
p = 0:2, = 10, and " = 0:2. Generalized syn hronization o urs in this ase (see [22℄ for details). The time
s ale analysis explains why it is impossible to dete t
phase syn hronization in system (12) despite generalized syn hronization being observed.
We onsider Fourier spe tra of oupled haoti osillators (Fig. 9). There are two main spe tral omponents with the frequen ies f1 = 0:125 and f2 = 0:154
in these spe tra. The analysis of the behavior of time
s ales shows that both the time s ales s1 = 1=f1 = 8:0
of the oupled os illators orresponding to the frequen y f1 and time s ales lose to s1 are syn hronized,
while the time s ales s2 = 1=f2  6:5 and those lose
to this value do not demonstrate syn hronous behavior
(Fig. 10b).
The sour e of su h behavior of time s ales be omes
lear from the wavelet power spe tra hE (s)i of both
systems (see Fig. 10a). The time s ale s1 of the drive
Rössler system is hara terized by a large value of energy, while the part of energy asso iated with this s ale
of the response system is quite small. Therefore, the
drive system di tates its own dynami s at the time s ale
s1 to the response system. The opposite situation o urs for the time s ales s2 (Fig. 10a). The drive system
annot di tate its dynami s to the response system beause the part of energy asso iated with this time s ale
is small in the rst Rössler system and large enough
in the se ond one. Therefore, time s ales s2 are not
syn hronized.
Thus, the generalized syn hronization of the unidire tional oupled Rössler systems appears as the time
s ale syn hronized dynami s, similarly to other synhronization types. It is also lear why the phase synhronization was not observed in this ase. Figure 9
shows that the instantaneous phases 1;2 (t) of haoti
signals x1;2 (t) introdu ed by means of traditional approa hes are determined by both frequen ies, f1 and f2 ,
but only the spe tral omponents with the frequen y f1
are syn hronized. Therefore, observation of the instantaneous phases 1;2 (t) does not allow dete ting phase
T

0.1

0.2

ε

The dependen e of the syn hronized time s ale
range [sm ; sb ℄ on the oupling strength " for two oupled Rössler systems (11) with funnel attra tors
Fig. 8.

Fig. 8. The range [sm ; sb ℄ of syn hronized time s ales
appears at "  0:039. The appearan e of the syn hronized time s ale range orresponds to the phase synhronization regime. As the oupling parameter value
in reases, the range of syn hronized time s ales expands until all time s ales be ome syn hronized. Synhronization of all time s ales means the presen e of
the lag syn hronization regime.
We an therefore say that the time-s ale syn hronization is the most general syn hronization type unifying (at least) the phase, lag, and omplete syn hronization regimes.

5. GENERALIZED SYNCHRONIZATION
REGIME

We onsider another type of syn hronized behavior,
the so- alled generalized syn hronization. It has been
shown above that phase, lag, and omplete syn hronizations are naturally related to ea h other and the
syn hronization type depends on the number of synhronized time s ales. The details of the relations between phase and generalized syn hronizations are not
lear at all. There are several works [1, 22℄ dealing with
the problem of how phase and generalized syn hronizations are orrelated with ea h other. For instan e, it
has been reported in [22℄ that two unidire tional oupled Rössler systems an demonstrate the generalized
syn hronization, while the phase syn hronization has
not been observed. This ase an easily be explained
by means of the time s ale analysis. The equations of
the oupled Rössler system are

(12)
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f2

0.2

f

Fourier spe tra for (a) the rst (drive) and (b) the se ond (response) Rösler systems (12). The oupling parameter
is " = 0:2. Generalized syn hronization o urs
φs1 (t) − φs2 (t)

hE(s)i
1.0

f1

0

s = 8.0

s = 9.0
b

a

−200

0.5
2

1

s = 6.5

−400

f2
0

4

s = 10.0

8

12

0

s

1000

2000

t

(a) The normalized energy distribution in the wavelet spe trum hE (s)i for the rst (line 1 ) and the se ond (line 2 )
Rössler systems. The time s ales indi ated with arrows orrespond to the frequen ies f1 = 0:125 and f2 = 0:154; (b) the
phase dieren e s1 (t) s2 (t) for two oupled Rössler systems. The generalized syn hronization is observed

Fig. 10.

syn hronization in this ase although the syn hronization of time s ales takes pla e.
Thus, one an see that there is a lose relation between dierent types of the haoti os illator syn hronization. A ording to the results mentioned above,
we an say that phase, lag, omplete, and generalized
syn hronizations are parti ular ases of time-s ale synhronization. Therefore, it is possible to onsider dierent types of syn hronized behavior from the universal
standpoint. Unfortunately, it is not lear how one an
distinguish the phase syn hronization1) and the gener1)
We here mean that phase syn hronization between haoti
os illators o urs if the instantaneous phase (t) of the haoti
signal may be orre tly introdu ed by means of traditional approa hes and phase lo king ondition (1) is satised.

alized syn hronization using only the results obtained
from the analysis of the time s ale dynami s.

6. MEASURE OF SYNCHRONIZATION

From the examples given above, we an see that
any type of syn hronous behavior of oupled haoti
os illators leads to the o urren e of syn hronized time
s ales. Therefore, the measure of syn hronization an
be introdu ed. This measure  an be dened as the
part of the wavelet spe trum energy asso iated with
the syn hronized time s ales,
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Z
1
1 2 =
hE1 2 (s)i ds;
E1 2
sb

;

(13)

;

;

sm

where [sm ; sb ℄ is the range of time s ales for whi h ondition (1) is satised and
E1;2

Z1

= hE1 2 (s)i ds

(14)

;

0

is the total energy of the wavelet spe trum. This measure  is zero for the nonsyn hronized os illations and
unity for the omplete and lag syn hronization regimes.
If the phase syn hronization regime is observed,  takes
a value between zero and unity depending on the part
of energy asso iated with the syn hronized time s ales.
Hen e, the syn hronization measure  allows not only
distinguishing the syn hronized and nonsyn hronized
os illations, but also hara terizing the degree of time-s ale syn hronization quantitatively.
Figure 11 presents the dependen e of the time-s ale
syn hronization measure 1 for the rst Rössler os illator of system (11) onsidered in Se . 4 on the oupling
parameter ". It is lear that the part of the energy assoiated with the syn hronized time s ales grows monotoni ally with the growth of the oupling strength. Similar results have been obtained for the generalized synhronization of two oupled Rössler systems onsidered
in Se . 5.
We have already mentioned that when the oupled
os illators do not demonstrate syn hronous behavior,
there are time s ales s at whi h the phase dieren e
ρ1
1.0
0.8
0.6
0.4
0.2

0

0.1

0.2

ε

The dependen e of the syn hronization measure 1 for the rst Rössler system (11) on the oupling
strength ". The measure 2 for the se ond Rössler osillator behaves in a similar manner (not shown in the
gure)

Fig. 11.

s1 (t) s2 (t) is bounded. Su h time s ales play the
role of points separating the time s ale areas where the
phase dieren e in reases and de reases, respe tively
(see also Se . 4). Nevertheless, the presen e of su h
time s ales does not mean the o urren e of haoti
syn hronization be ause the part of energy asso iated
with them is equal to zero. Therefore, the syn hronization measure  of su h os illations is zero, and the
dynami al regime realized in the system in this ase
should be lassied as nonsyn hronous.
7. CONCLUSIONS

Summarizing this work, we note several prin ipal
aspe ts. First, we have proposed to onsider the time
s ale dynami s of oupled haoti os illators. It allows us to onsider the dierent types of behavior of
oupled os illators (su h as the omplete syn hronization, the lag syn hronization, the phase syn hronization, the generalized syn hronization, and the nonsynhronized os illations) from the universal standpoint.
In this ase, time-s ale syn hronization is the most
ommon type of syn hronous oupled haoti os illator
behavior. Therefore, the other types of syn hronous osillations (phase, lag, omplete, and generalized) may
be onsidered the parti ular ases of time-s ale synhronization. The quantitative hara teristi  of the
syn hronization measure has also been introdu ed. It
is important to note that our method (with insigniant modi ations) an also be applied to dynami al
systems syn hronized by the external (e.g., harmoni )
signal.
Se ond, the traditional approa h for the phase synhronization dete ting based on the introdu tion of the
instantaneous phase (t) of the haoti signal is suitable and orre t for su h time series hara terized by
the Fourier spe trum with a single main frequen y f0 .
In this ase, the phase s0 asso iated with the time
s ale s0 orresponding to the main frequen y f0 of the
Fourier spe trum oin ides approximately with the instantaneous phase (t) of the haoti signal introdu ed
by means of the traditional approa hes (see also [36℄).
Indeed, be ause the other frequen ies (the other time
s ales) do not play a signi ant role in the Fourier spe trum, the phase (t) of the haoti signal is lose to the
phase s0 (t) of the main spe tral frequen y f0 (and the
main time s ale s0 , respe tively). It is obvious that
in this ase, the mean frequen ies f = h_ (t)i=2 and
fs0 = h_ s0 (t)i=2 should oin ide with ea h other and
with the main frequen y f0 of the Fourier spe trum
(see also [31℄),
895

A. E. Hramov, A. A. Koronovskii, Yu. I. Levin

 = f 0 = f0:

f

ÆÝÒÔ,

(15)

s

òîì

127, âûï. 4, 2005

10. R. C. Elson, A. I. Selverston, R. Huerta et al., Phys.
Rev. Lett. 81, 5692 (1998).

If the haoti time series is hara terized by the Fourier
spe trum without a single basi frequen y (like the
spe trum shown in Fig. 3b), the traditional approa hes
fail. One has to onsider the dynami s of the system
at all time s ales, but this annot be done by means
of the instantaneous phase (t). On the ontrary, our
approa h based on the analysis of time s ale dynami s
an be used for both types of haoti signals.
Finally, our approa h an be easily applied to the
experimental data be ause it does not require any a
priori information on the onsidered dynami al systems. Moreover, in several ases, the inuen e of the
noise an be redu ed by means of the wavelet transform (see [39, 48, 49℄ for details). We believe that our
approa h will be useful and ee tive for the analysis of
physi al, biologi al, physiologi al, and other data, su h
as des ribed in [9; 10; 35; 36℄.
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