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TRANSIENT PROCESSES IN THE DISTRIBUTED ACTIVE MEDIUM “HELICAL
ELECTRON BEAM – COUNTERPROPAGATING ELECTROMAGNETIC WAVE”
A. A. Koronovsky,∗ D. I. Trubetskov,
and A. E. Khramov
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In this paper, we study the transient processes in a nonautonomous distributed active medium
formed by a gyro-counterpropagating-wave oscillator (gyro-CWO) synchronized by an external
signal. We analyze how the time required to achieve the synchronous mode depends on the ratio
between the external-signal phase and the self-oscillation phase. The characteristics of transient
chaos in a gyro-CWO near the synchronization area are also examined.

1.

INTRODUCTION

There has recently been increased interest in generation and ampliﬁcation of microwave signals in
gyroresonance devices with counterpropagating and forward waves (gyro-CWO and gyro-TWT), which are
based on interaction between fast electromagnetic waves and a helical electron beam. Such devices are
intensely studied both theoretically and experimentally [1–5].
Analysis of the dynamics of an active medium comprising a helical electron beam interacting with
an electromagnetic wave showed the presence of various nonlinear phenomena including the periodic and
chaotic self-modulation of the output signal, the synchronization of gyro-CWO oscillations by an external
signal, etc. [5–12].
In the present paper, we study the transient processes in the nonautonomous distributed active
medium “helical electron beam – counterpropagating electromagnetic wave.” We analyze how the time
required to achieve the synchronization regime of the distributed system (duration of the transient process)
depends on the phase of an external synchronizing signal. The possibility of ultrafast synchronization of
self-oscillations, which takes place for the optimal phase of an external ﬁeld, is shown. The phenomenon of
transient chaos near the boundary of the synchronization “beak” is also examined.
Unlike the “classical” dynamic chaos, whose image in the phase space is a strange attractor (to which
the phase trajectories from a certain domain of phase space tend asymptotically over times t → ∞), the
term “transient chaos” in nonlinear dynamic systems denotes the following [13–15]. In the phase space
of the system that demonstrates transient chaos, there exists the so-called “chaotic saddle,” a chaotic set
in the phase space, which is unstable along one direction. A phase trajectory, started from a phase-space
point lying near the chaotic saddle, demonstrates nonperiodic motion for a long time, then escapes from the
chaotic-saddle vicinity along the unstable direction, and reaches the attractor, which can be either periodic
or chaotic. The unstable chaotic set can be described in the same terms as the strange attractor (dimension,
Lyapunov exponents, etc.). In this case, the corresponding characteristics are calculated over an ensemble
of relatively short temporal realizations describing the transient chaotic process in the considered system.
As a rule, the procedure of matching of temporal realizations is used for this purpose.
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2.

THE MODEL

When a helical electron beam interacts with TE modes of a waveguide, high-frequency radiation is
generated [16, 17] provided the condition of synchronism between electromagnetic and electron waves
ω̂ + β0 (ω̂)v|| − ωc = 0

ω ≈ ω̂,

(1)

is satisﬁed. Here, ω̂ is the synchronism frequency, ωc is the electron cyclotron frequency, v|| is the longitudinal
velocity of electrons, i. e., the velocity directed along the applied magnetic ﬁeld, and β0 (ω̂) < 0 is the
propagation constant for the waveguide without the electron beam. In such a system (gyro-CWO), there is
inertial bunching of electrons related to the fact that the electron oscillators of a helical (polyhelical) beam
are nonisochronous due to the relativistic eﬀects. A characteristic feature of a gyro-CWO is the possibility
of eﬃcient tuning of the generation frequency by varying the longitudinal velocity v|| of electrons or the
static magnetic ﬁeld B0 .
Interaction between a cylindrical weakly relativistic helical beam and a counterpropagating wave
is described by the following self-consistent system of equations of motion of an electron beam [16] and
excitation of a counterpropagating wave by an electron beam [18]:


dβ
− jµ 1 − |β|2 β = F,
dξ
∂F
1
∂F
−
=−
∂τ
∂ξ
2π

(2)

2π
β dθ0 ,

(3)

0

where β = r exp (jθ) is the complex radius of the trajectories of ensemble electrons having an initially
uniform phase distribution, F = F (ξ, τ ) is the slowly varying complex dimensionless amplitude of the ﬁeld
in the electron-beam section, ξ = β0 (ω̂)εz is the dimensionless longitudinal coordinate, τ = ω̂ε (t−z/v|| ) (1+
v|| /|vg |)−1 is the dimensionless time in a coordinate system moving with the longitudinal velocity v|| of the
electron beam, ω̂ is the frequency satisfying synchronism condition (1), β0 (ω̂) is the propagation constant of
the counterpropagating wave with frequency ω̂ in the system without the electron beam, and vg is the group
velocity of the wave at the frequency ω̂. Besides, we introduced the nonisochronism parameter µ describing
the inertia measure of the system [6].
Equations (2) and (3) are solved under the following initial and boundary conditions:
0

F (ξ, τ = 0) = f (ξ),

1
2π

β(ξ = 0) = exp(jθ0 ),

2π
β(ξ, τ = 0) dθ0 = 0,

(4)

0

θ0 ∈ [0, 2π].

(5)

where the initial distribution f 0 is chosen in the form
f 0 (ξ) = δ0 sin[π (A − ξ)/2].

(6)

Here, A is the dimensionless length of the system.
An external time-harmonic controlling signal
F (ξ = A, τ ) = FΩ exp(jΩτ )

(7)

is input at the collector end ξ = A of the system. Here, FΩ is the amplitude of the external signal, Ω is the
detuning of the forcing frequency from the “cold” synchronism frequency ω̂.
The model described by Eqs. (2)–(5) is valid under the following conditions: the ﬁeld in the electron333

beam cross section is uniform, the longitudinal velocity v|| ≈ const (i. e., the interaction between electron
oscillators and the high-frequency components of the magnetic ﬁeld is neglected), and the time-dependent
process is assumed to be narrow-band, making it possible to take into account only the interaction between
the helical beam and the counterpropagating wave.
3.

ONSET OF THE SYNCHRONOUS OSCILLATION MODE

We now consider how synchronous oscillations are settled in the system. Assume that the external
forcing FΩ exp[j (Ωτ + ϕ)] is switched on when the transient process is over in the autonomous system and
the stationary oscillation mode is settled in it. The initial phase ϕ of an external signal is varied from 0 to
2π whereas the time instant at which the external forcing is switched on remains ﬁxed. Thus, in fact, we
examine how the initial phase diﬀerence between the stationary oscillation mode and the external forcing
inﬂuence the interval of time required for the system to become synchronized.
Figure 1a shows the time T required to achieve the synchronization mode as a function of the initial
phase ϕ of the external ﬁeld, i. e., the phase at which an external synchronizing signal is switched on, in
diﬀerent sections ξ of the interaction space of the oscillator. The following control parameters of the model
were chosen: A = 3, µ = 2, FΩ /F0 = 0.1, and Ω/ω0 = 1.0154, where F0 and ω0 are the amplitude and
frequency of autonomous oscillations. The choice of such a value of the external-forcing amplitude agrees
with the actual experimental data [19] and corresponds to the external-signal power equal to 1% of the
output power of the gyro-CWO.
From Fig. 1a it follows that the duration of the transient process is strongly dependent on the initial
phase of the input signal and has pronounced maximum and minimum and that the maximum and minimum
times to achieve the synchronization mode diﬀer by about one order of magnitude. The minimum duration
of the transient process amounts to Tmin < 20, which corresponds to only two or three characteristic times
τA of delay of distributed feedback of the considered oscillator. The characteristic time of response of
the system to external forcing is determined by the oscillator length A, the group velocity vg of the wave
in the waveguide structure, and the transport velocity v|| of the electron beam. The external ﬁeld input
to the oscillator counterpropagates with respect to the beam and modulates the helical electron beam,
which, in turn, transfers this information to the input (collector end) of the oscillator with velocity v||
and excites a counterpropagating electromagnetic wave, whose ﬁeld is summed up with the external ﬁeld,
in the waveguide system. As a result, the characteristic delay time of distributed feedback is equal to
τA ≈ A (1/vg + 1/v|| ), which corresponds to τA ≈ 6 in terms of dimensionless variables. The latter means
that ultrafast synchronization of a distributed self-oscillatory system with the counterpropagating wave,
which is responsible for feedback, takes place for the optimal phase of the external ﬁeld. Otherwise, the
synchronization mode is achieved over times T > 20τA .
Comparing the dependences T (ϕ) of the transient-process duration plotted for diﬀerent cross sec-
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tions of the interaction space of the oscillator (see Fig. 1a), one can see that an almost simultaneous onset
of the synchronous mode over the entire volume of the active medium is observed in the case of ultrafast
synchronization. For the external-ﬁeld phases ϕ diﬀerent from the optimal ones, the duration of the transient
process is diﬀerent in diﬀerent sections of the oscillator. The fastest transient process takes place in the
middle of the interaction space, i. e., at ξ = A/2.
For a qualitative analysis of the phenomenon of ultrafast synchronization of self-oscillations in an
active distributed medium one can use the equation of phase synchronization, obtained for the ﬁrst time by
R. Adler in [20], to which analysis of the synchronization phenomenon is reduced for a variety of systems:
dα/dτ + κ sin α − (ω0 − Ω) = 0.

(8)

Here, α is the phase diﬀerence between the external signal and the signal of a nonautonomous oscillatory
system and κ is the synchronization coeﬃcient whose form is determined by the features of the studied
system. It was shown in [21] that under certain assumptions, the synchronization in a helical electron beam
interacting with a counterpropagating wave is described by Eq. (8) in which the synchronization coeﬃcient
is determined by the features of the ﬁeld distribution in a distributed system and depends on the coordinate
ξ of the interaction space.
We note that the same equation describes the synchronization of self-oscillations in a Van der Pol
oscillator [22] by a weak external signal, assuming that an external signal changes only the oscillation phase,
without changing the oscillation amplitude. In the last case, after some simplifying assumptions we have
κ = u0 /2, where u0 is the amplitude of external forcing [22, 23].
The time T to achieve the synchronization mode in a Van der Pol oscillator (with the nonlinearity
parameter ε = 0.1) as a function of the initial phase ϕ of an external signal is presented in Fig. 1b for the
parameters speciﬁed in the synchronization domain determined from Eq. (8) by the condition |ω0 − Ω| ≤ κ.
The unit interval on the T axis corresponds to one period of oscillation of the system. A comparison
of Figs. 1a and 1b leads to the conclusion that the dependence of the transient-process duration on the
initial phase ϕ of the control ﬁeld for both the simplest self-oscillatory system and a distributed electron
oscillator have a qualitatively similar form. In this case, ultrafast synchronization of self-oscillations during
one characteristic period can also be obtained in the Van der Pol oscillator by choosing the optimal initial
phase of an external ﬁeld.
Using Eq. (8), is can easily be shown that the phase
∆ϕ
diﬀerence ∆ϕ of external and own signals, corresponding 5 π/3
to the maximum and minimum transient-process durations, as a function of the external-forcing frequency in 4 π/3
a synchronization domain of width 2∆ ω can analytically
π
be written in the form
ω0 − Ω
2π/3
∆ϕ = 2 arcsin
+ π.
(9)
∆ω
π/3

It follows from this formula that the quantity ∆ϕ is de0
termined only by the frequency mismatch ω0 − Ω and is
−0.5
−1.0
0.0
0.5
1.0
independent of the properties of the system.
(ω0− Ω)/∆ ω
We now analyze the corresponding dependences
Fig. 2.
∆ϕ (ω0 − Ω)/∆ω for the distributed self-oscillatory system being studied and the Van der Pol oscillator by using numerical simulation. To ﬁnd these dependences,
we calculated the times T (ϕ) required to achieve the synchronization mode for diﬀerent external-forcing frequencies, other parameters being speciﬁed above. Figure 2 presents the results of calculating the diﬀerence
∆ϕ of the phases corresponding to the maximum and minimum transient-process durations as a function
of the relative mismatch (ω0 − Ω)/∆ω for the distributed self-oscillatory system (•) and the Van der Pol
oscillator (◦). The curve calculated using Eq. (9) is shown by a solid line.
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It follows from this ﬁgure that the optimal phase relationships ensuring the minimum time to achieve
the synchronization in a complex electron self-oscillatory system are described by the same universal equations obtained for a simple ﬁnite-dimensional system (Van der Pol oscillator).
Obviously, it can be expected that such a behavior of the duration of transient processes during
onset of synchronization modes is universal for a wide class of both lumped and distributed nonlinear selfoscillatory systems, whose nonautonomous dynamics can be described by a synchronization equation of the
form (8) in some approximation. The possibility of ultrafast onset of the synchronization mode, which takes
place for optimal phase relationships between the external control signal and the oscillations in the system,
is most important here.
4.

TRANSIENT CHAOS

Consider now the nonautonomous dynamics of a gyro-CWO for µ = 4 and A = 3. These parameters
correspond to the regime of periodic self-modulation of an output signal in an autonomous system.
The transient-chaos phenomenon discussed in Sec. 1 takes place in this case near the high-frequency
boundary. Let us study transient chaos in a distributed active medium for the following parameters of an
external control signal: Ω/ω0 = 2 and F0 = 0.62. Figure 3 presents typical temporal realizations of an
output signal F (ξ = 0, τ ) in the transient-chaos regime, obtained for diﬀerent initial conditions (6), namely,
for diﬀerent amplitudes of the initial perturbation δ0 . The case shown in Fig. 3a corresponds to δ0 = 0.0019,
and in Fig. 3b, to δ0 = 0.0072. The vertical dashed lines denote typical regions of temporal realizations.
Region II corresponds to the transient-chaos regime being analyzed.
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It is seen in Fig. 3 that, depending on the amplitude of the initial perturbation δ0 , the duration of the
transient process can be diﬀerent, but ﬁnally a stationary-oscillation regime is established in the gyro-CWO
at the external-forcing frequency. The transient process is of irregular chaotic nature, which is indicative of
the transient-chaos phenomenon in the system.
A temporal realization (oscillations of the ﬁeld amplitude |F (τ )| at the system output ξ = 0), generated by the studied system in the transient-chaos regime, can conventionally be divided into four parts (see
Fig. 3): I, evolution of the system from the initial state to the unstable chaotic regime, II, the transient-chaos
regime, III, arrival of the system at the asymptotic regime, and IV, the ﬁnal asymptotically stable regime.
Region II gives direct information on the unstable chaotic saddle, while regions I, III, and IV correspond to
other states of the system. Hence, to analyze the characteristics of the chaotic saddle existing in the phase
space of the system, one should ﬁrst exclude regions I, III, and IV of the temporal realization [15] and then
match the realization areas corresponding to the chaotic (but unstable) regime.
The durations of temporal regions I and III are determined by the properties of the system and almost
do not depend on the initial conditions (see [24]). Therefore, when an artiﬁcial long temporal realization
was constructed, the lengths of regions I and III were constant for all temporal realizations generated by the
system (2)–(7). The durations of regions I and III were chosen in a manner similar to that in [15]. The time
of the end of region III (and, correspondingly, of the beginning of region IV) was determined in accordance
with the method given in [25].
Such an approach permits standard methods of analysis to be used for the obtained artiﬁcial long
temporal realization (see, e. g., [26–28]). The procedure of matching the temporal realizations generated by
the distributed system “helical electron beam — counterpropagating electromagnetic wave” and constructing
an artiﬁcial long temporal realization is described in detail in [29].
Consider the qualitative characteristics of transient chaos, the correlation dimension and the maximum Lyapunov exponent, determined by the artiﬁcial long realization.
Recall that the correlation dimension D of an attractor is a function of the observation scale ε:
D(ε) = lim

ε→0

ln C(ε, d)
,
ln ε

(10)

where the number C(ε, d) of pairs of points, the distance between which in the pseudo-phase space of
dimension d is smaller than ε (reduced correlation integral), is given by the relationship
N
M
1  
C(ε, d) =
H(ε − xi − xj ).
MN

(11)

j=1 i=1,i=j

Here, M is the number of reduction points, N is the number of points in the temporal realization, H is a
Heaviside function, x is the state vector in the pseudo-phase space, reconstructed by the Takens method,
and xi  is the length of the vector.
Figure 4 shows the results of calculating the dimension D(ε) for the chaotic saddle, reconstructed
from the “matched” temporal realization of transient chaos, for diﬀerent dimension d of the embedding
space. The embedding-space dimensions for which the correlation dimension was calculated are indicated
in the ﬁgure. The chosen length of the temporal realization was N = 6 · 104 , and the number of reduction
points was M = 104 .
It is seen in Fig. 4 that the chaotic saddle corresponding to transient chaos is strongly nonuniform,
which is indicated by the absence of the scaling region on the curves showing the correlation-integral slope
versus observation scale. However, the shape of the D(ε) curves ceases to change beginning with the
dimension d = 3−4. Thus, it can be inferred that the dimension d of the embedding space is also of the
order of four in this case.
Consider now such an important characteristic of transient chaos as the maximum Lyapunov exponent
λ1 . To estimate the maximum Lyapunov exponent, we used the procedure proposed in [30, 31]. In accordance
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Fig. 4.
with the estimate, the quantity λ1 is deﬁned as

λ1 = lim

t→∞


1 χ(t)
ln
,
t χ(t0 )

(12)

where χ(t) is the distance between two representation points x and x in the phase space at the time t.
Assume that at the initial instant of time, these points are close, i. e., x − x  = χ(t0 )
R, where R is
the typical geometric size of the attractor in the phase space. The positive value of the maximum Lyapunov
exponent λ1 is evidence for the chaotic dynamics of the system. The behavior of the system becomes
unpredictable after the time interval τ ≈ ln[R/χ(t0 )]/λ1 , i. e., the magnitude of the Lyapunov exponent
characterizes the degree of instability and complexity of the chaotic process.
Now, following the dynamics of the system from the initial points x and x and analyzing the
distance χ(t0 + m ∆τ ) = x (t0 + m ∆τ ) − x (t0 + m ∆τ ) between the current states of the system, we
ﬁnd the time interval m ∆τ , where m = 1, 2, . . . , over which the trajectories diverge to a distance greater
than χmax . Then we ﬁnd the new point xm on the attractor, which is close to the point x (t0 + m ∆τ )
(x (t0 + m ∆τ ) − xm ) = χ(t0 + m ∆τ )
R) and is displaced from it in the direction of the vector
x (t0 + m ∆τ ) − x (t0 + m ∆τ ). After this, the procedure is repeated again.
To determine the maximum Lyapunov exponent averaged over the attractor, the above-described
procedure must be repeated M times until the quantity
λ1 =

M
1 
χ(t0 + m ∆τ )
ln
M ∆τ m=1 χ[t0 + (m − 1) ∆τ ]

(13)

reaches the asymptotic value.
As a result of calculations using the mentioned procedure for the “matched” temporal realization, we
obtained the following value of the maximum Lyapunov characteristic exponent: λ1 = 0.098 ± 0.011.
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Note that if the parameters are slightly changed to enter the chaotic-oscillation region, e. g., by
choosing Ω = 2.1 and FΩ = 0.62 (recall that we studied transient chaos in the region Ω = 2.0 and FΩ = 0.62),
then such characteristics of the chaotic attractor as the reconstructed attractor and the Fourier power
spectrum are similar to the characteristics of transient chaos. However, the maximum Lyapunov exponent
of a chaotic attractor is λ1 = 0.002, i. e., the unstable chaotic set (transient chaos) is a more unstable (and,
therefore, “more chaotic”) regime than the chaotic attractor “neighboring” to it in the parameter space.
5.

CONCLUSIONS

In the present paper, we analyze the onset of a synchronous oscillation mode and study transient chaos
in the nonautonomous distributed active medium “helical electron beam — counterpropagating electromagnetic wave” (in a gyro-CWO synchronized by an external signal) near the boundary of the synchronization
area. The characteristics of transient chaos in the considered distributed system are analyzed.
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